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Chemical reactionAbstract In this study we analyzed the influence of thermal radiation and chemical reaction on
two dimensional steady magnetohydrodynamic flow of a nanofluid past a permeable stretching/
shrinking sheet in the presence of suction/injection. We considered nanofluid volume fraction on
the boundary is submissive controlled, which makes the present study entirely different from earlier
studies and physically more realistic. The equations governing the flow are solved numerically.
Effects of non-dimensional governing parameters on velocity, temperature and concentration pro-
files are discussed and presented through graphs. Also, coefficient of skin friction and local Nusselt
number is investigated for stretching/shrinking and suction/injection cases separately and presented
through tables. Comparisons with existed results are presented. Present results have an excellent
agreement with the existed studies under some special assumptions. Results indicate that the
enhancement in Brownian motion and thermophoresis parameters depreciates the nanoparticle con-
centration and increases the mass transfer rate. Dual solutions exist only for certain range of
stretching/shrinking and suction/injection parameters.
 2016 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The development of nanotechnology is going to bring an
unimaginable and multidimensional changes in our way of life,
in the coming years. Recently many researchers focused on this
topic due to it prominent importance in engineering and its
allied areas. Choi [1] was the first person who introduced the
term ‘‘nanofluid”. The detailed discussion, importance and
future scope of nanofluids were pioneered by Das et al. [2].
Uddin et al. [3] proposed a mathematical model for radiativeMHD flow with slip effects. Heat transfer in second order fluid
over a stretching sheet with constant surface temperature was
discussed by Bujurke et al. [4]. Ece [5] proposed the similarity
analysis for the laminar free convection boundary layer flow in
the presence of a transverse magnetic field. Mohankrishna
et al. [6] and Sandeep et al. [7] discussed the heat transfer char-
acteristics of nanofluids by immersing the high conductivity
nanomaterials in base fluids and they concluded that the effec-
tive thermal conductivity of the fluid increases appreciably and
consequently enhances the heat transfer characteristics by sus-
pending the high thermal conductivity of nanomaterials into
the base fluids. Zaimi et al. [8] analyzed steady two dimen-
sional flow of a nanofluid over a stretching/shrinking sheet.
Wang and Mujumdar [9] gave good literature on heat transfer
characteristics of nanofluids. Rana and Bhargava [10] used
820 S. Naramgari, C. Sulochanafinite element and finite difference methods for nonlinear
stretching sheet problem. Zaimi et al. [11] extended the work
of Rana and Bhargava and studied heat transfer and boundary
layer flow of a nanofluid over a stretching/shrinking sheet.
Radiation effect on MHD viscous fluid over exponentially
stretching sheet with porous medium was analyzed by Ahmad
et al. [12]. They used homotopy analysis method to solve the
boundary layer approximations. Heat and mass transfer for
stagnation point flow over a stretching sheet in a porous med-
ium by considering heat source was studied by Hamad and
Ferdows [13]. The importance of heat, mass and momentum
transfer over a stretching surface was explained by Atlatn
et al. [14]. Ellahi et al. [15] discussed about the influence of
nanoparticles shape by considering Cu–water nanofluid.
Sheikholeslami et al. [16] analyzed the effect of thermal radia-
tion on MHD nanofluid flow and heat transfer by using two
phase model. Rashidi et al. [17] illustrated the stream wise
transverse magnetic fluid flow with heat transfer around an
obstacle embedded in a porous medium. Heat generation
and heat flux effects on the peristaltic flow with interacting
nanoparticles were presented by Akbar et al. [18]. A study of
natural convection heat transfer in a nanofluid filled with ellip-
tic inner cylinder was analyzed by Sheikholeslami et al. [19].
The influence of heat transfer on the nanofluid flow over a per-
meable stretching wall in a porous medium was studied by
Sheikholeslami et al. [20]. Interaction of nanoparticles for the
peristaltic flow in an asymmetric channel by considering the
induced magnetic field was analyzed by Akbar et al. [21].
Ramesh et al. [22] explored their research on stretching
sheet and they analyzed the heat transfer characteristics of a
nanofluid. Many researchers like [23–25] have studied and
given valuable contribution in the field of nanofluid flows over
a permeable stretching sheet. Simulation of magnetohydrody-
namic CuO–water nanofluid flow and heat transfer in the pres-
ence of Lorentz forces was discussed by Sheikholeslami et al.
[26]. Ellahi et al. [27] illustrated non-Newtonian nanofluids
flow through a porous medium between two coaxial cylinders
by considering variable viscosity. Nanofluid flow in tapering
stenosed arteries with permeable walls was presented by Akbar
et al. [28]. Ellahi [29] presented the analytical solution to ana-
lyze the effects of MHD and temperature dependent viscosity(a) Stretching Case ( 0)λ >on the flow of non-Newtonian nanofluid in a pipe. MHD flow
of water/ethylene glycol based nanofluids by considering por-
ous medium was discussed by Zeeshan et al. [30]. Ellahi
et al. [31] presented series solutions for non-Newtonian
nanofluids by considering Reynolds’ and Vogel’s models by
using homotopy analysis method.
All the above investigations limited their study on either
stretching or shrinking case by considering suction or injection
effects. In this study we are focusing on two dimensional
steady magnetohydrodynamic flow of a nanofluid past a per-
meable stretching/shrinking sheet in a porous medium with
suction/injection effects. Here we considered nanofluid volume
fraction on the boundary is submissive controlled rather than
active controlled [32,33], which makes the present study
entirely different from the past studies and it is physically more
realistic. The governing partial differential equations are
reduced into ordinary differential equations by similarity
transformation and then solved numerically by using bvp4c
with MATLAB package. Effects of thermal radiation parame-
ter, chemical reaction parameter, magnetic field parameter,
Brownian motion parameter, thermophoresis parameter and
porosity parameter on velocity, temperature, concentration,
skin friction and local Nusselt number are thoroughly investi-
gated for stretching/shrinking and suction/injection cases sep-
arately and presented through graphs and tables. Comparisons
with existed results are presented.2. Mathematical formulation
Consider a steady, incompressible, two dimensional MHD
flow of a nanofluid past a permeable stretching/shrinking sheet
in porous medium coinciding with the plane y ¼ 0 and the flow
is assumed to be confined to y > 0. The flow is along the x-axis
where x is the coordinate measured along the stretching/
shrinking sheet and y-axis is normal to the surface. A trans-
verse magnetic field B0 is applied in the y-direction and the
stretching/shrinking sheet velocity is assumed as uwðxÞ ¼ cx,
where c > 0 is a constant. The uniform temperature near the
sheet is assumed as Tw and the temperature, concentration
far away from sheet is assumed as T1;C1 respectively.(a) Shrinking Case ( 0)λ <
Table 1 Comparison of the values of h0ð0Þ with published
data when Nt ¼ Nb ¼ 0;M ¼ R ¼ K ¼ Kl ¼ fw ¼ 0 and k ¼ 1.
Pr 0.72 1 3 7 10
Chen [34] 0.46315 0.58199 1.16523 1.89537 2.30796
Zaimi
et al. [8]
0.463145 0.581977 1.165246 1.895403 2.308004
Present
study
0.463146 0.581979 1.165249 1.895406 2.308008
MHD flow over a permeable stretching/shrinking sheet 821The equations that govern the present flow with above
assumptions subject to the Boussinesq approximations can
be expressed as
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The boundary conditions of Eqs. (1)–(4) are
u ¼ kUw; v ¼ vw; T ¼ Tw;
DBC
0 þ ðDB=T1ÞT 0 ¼ 0 at y ¼ 0;
u! 0; T! T1; C! C1 as y!1;
ð5Þ
In Eq. (5) prime denotes differentiation with respect to y,
where u and v are the velocity components in the x and y direc-
tions respectively, T is the temperature, C is the nanoparticles
volume fraction, vw is the suction or injection velocity with
vw < 0 for suction and vw > 0 for injection, s ¼ ðqcÞp=ðqcÞf,
where ðqcÞp is the effective heat capacity of the nanoparticles,
ðqcÞf is the heat capacity of the base fluid, a ¼ k=ðqcÞf is the
thermal diffusivity of the fluid, m is the kinematic viscosity,
DB is the Brownian diffusion coefficient, DT is the ther-
mophoretic diffusion coefficient, qf is fluid density, r is electri-
cal conductivity, k0 is the permeability of porous medium, k1 is
the chemical reaction parameter and k is the stretching/shrink-
ing parameter with k > 0 for a stretching surface and k < 0 for
a shrinking surface.
By using Roseland approximation, the radiative heat flux qr
is given by
qr ¼ 
4r
3k
@T4
@y
; ð6Þ
where r is the Steffen Boltzmann constant and k is the mean
absorption coefficient. Consider the temperature differences
within the flow sufficiently small such that T4 may be expressed
as the linear function of temperature. Then expanding T4 in
Taylor series about T1 and neglecting higher-order terms
takes the form
T4 ﬃ 4T31T 3T41; ð7Þ
In view of Eqs. (6) and (7), Eq. (3) reduces to
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By introducing the following similarity transforms
w ¼ c1=2m1=2fðgÞ; g ¼ c1=2m1=2y;
hðgÞ ¼ ðT T1Þ=ðTw  T1Þ; /ðgÞ ¼ ðC C1Þ=C1; ð9Þwhere the stream function w is defined as
u ¼ @w=@yandv ¼ @w=@x which identically satisfies Eq. (1).
Further fðgÞ; hðgÞand/ðgÞ are dimensionless stream, tempera-
ture and concentration functions respectively. Substituting
Eq. (9) into (2)–(4), we obtain
f 000 þ ff 00  f 02  ðMþ KÞf 0 ¼ 0; ð11Þ
ð1þ RÞh 00 þNbh 0/ 0 þNth02 þ Pr fh 0 ¼ 0; ð12Þ
/00 þ Nt
Nb
h 00 þ Leðf/ 0  Kl/Þ ¼ 0; ð13Þ
The boundary conditions (5) reduce to
fð0Þ¼ fw; f 0ð0Þ¼ k; hð0Þ¼ 1; Nb/ 0ð0ÞþNth 0ð0Þ¼ 0;
f 0ðgÞ! 0; hðgÞ! 0; /ðgÞ! 0 as n!1;
ð14Þ
Here prime denotes differentiation with respect to g, where
Pr ¼ m=a is the Prandtl number and Le ¼ m=DB is the Lewis
number, Nb is the Brownian motion parameter, Nt is the Ther-
mophoresis parameter, M is the magnetic field parameter, K is
the porosity parameter, Kl is the chemical reaction parameter
and fw is the suction/injection parameter with fw > 0 for suc-
tion, fw < 0 for injection, which are defined as
fw ¼ vwðcmÞ1=2; Nt ¼ sDTðTw  T1Þ=aT1;
Nb ¼ sDBC1=a;
R ¼ 16T
3
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The Coefficient of skin friction Cfx and local Nusselt Number
Nux are given by
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Using (9) and (16), we have
Re1=2x Cfx ¼ f 00ð0Þ; Re1=2x Nux ¼ h 0ð0Þ; ð17Þ
where Rex ¼ uwx=v is the local Reynolds number. It is impor-
tant to mention that as per our assumed boundary condition in
(5), the local Sherwood number becomes zero (see [33]).
Table 1 depicts the comparison of the present results with
the published results of Chen [34] and Zaimi et al. [8]. We
found good accuracy of the present results by comparing with
the existed results. This shows the validity of the present results
along with the accuracy of the numerical technique we used in
the present study.
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Figure 1 (a) and (b) Velocity profiles for various values of M.
When Pr ¼ 6:2;Le ¼ R ¼ 1;Nt ¼ Nb ¼ 0:5 ¼ K;Kl ¼ 0:2.
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Figure 2 (a) and (b) Temperature profiles for various values of
M. When Pr ¼ 6:2;Le ¼ R ¼ 1;Nt ¼ Nb ¼ 0:5;K ¼ 0:5;Kl ¼ 0:2.
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The system of nonlinear ordinary differential Eqs. (11)–(13)
with the boundary conditions (14) is solved numerically using
bvp4c with MATLAB package. The results obtained show the
influences of the non-dimensional governing parameters,
namely thermal radiation parameter R, chemical reaction
parameter Kl, magnetic field parameter M, Brownian motion
parameter Nb, thermophoresis parameter Nt and porosity
parameter K on velocity, temperature, concentration, skin fric-tion and local Nusselt numbers are thoroughly investigated for
stretching/shrinking and suction/injection cases separately and
presented through graphs and tables.
Fig. 1(a) and (b) exhibits effect of magnetic field parameter
on velocity profiles for stretching/shrinking and suction/injec-
tion cases respectively. It is evident from figures that increase
in magnetic field parameter decreases the velocity profiles of
the fluid in stretching and suction/injection cases but it takes
reverse action in shrinking case. Generally increase in magnetic
field generates the opposite force to the flow, called Lorentz
force. We observed that the Lorentz force helps to enhance
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Figure 3 (a) and (b) Temperature profiles for various values of
R. When Pr ¼ 6:2;Le ¼M ¼ 1;Nt ¼ Nb ¼ 0:5;K ¼ 0:5;Kl ¼ 0:2.
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Figure 4 (a) and (b) Temperature profiles for various values of
Nt. When Pr¼ 6:2;Le¼ R¼ 1;M¼ 1;Nb¼ 0:5;K¼ 0:5;Kl ¼ 0:2.
MHD flow over a permeable stretching/shrinking sheet 823the flow in shrinking case. It is significant to mention that mag-
netic field effect is comparatively less on injection case com-
pared to suction case. This concludes that Lorentz force acts
operatively on stretching and suction cases. Fig. 2(a) and (b)
displays the effect of magnetic field parameter on temperature
profiles for stretching/shrinking and suction/injection cases
respectively. From Fig. 2(a) it is observed that increase in mag-
netic field parameter increases the temperature profiles in
stretching case and decreases the temperature profiles in
shrinking case. The reason behind this is increase in magnetic
field reduces the boundary layer thickness and enhances the
thermal conductivity of the fluid in the stretching surface.
From Fig. 2(b) it is clear that increase in magnetic field param-eter increases the temperature profiles of the fluid for both suc-
tion and injection cases and this effects high on injection
compared to suction case. It is due to that fact that injection
enhances the thermal conductivity of the flow. Fig. 3
(a) and (b) illustrates the effect of Radiation parameter on tem-
perature profiles for stretching/shrinking and suction/injection
cases respectively. It is clear from figures that increase in radi-
ation causes increases in fluid temperature in both cases. These
show the domination of radiative heat transfer in Rosseland
approximation. But radiation shows reverse action on shrink-
ing surface. That is increase in radiation parameter causes the
decrease in temperature profiles. This result can be explained
by the fact that the decrease in the value of R means a decrease
in the Rosseland radiation absorptivity k* due to this reason
we seen a fall in temperature profiles.
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Figure 5 (a) and (b) Temperature profiles for various values of
Nb. When Pr¼ 6:2;Le¼ R¼ 1;M¼ 1;Nt¼ 0:5;K¼ 0:5;Kl ¼ 0:2.
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Figure 6 (a) and (b) Concentration profiles for various values of
M. When Pr ¼ 6:2;Le ¼ R ¼ 1;Nb ¼ Nt ¼ 0:5;K ¼ 0:5;Kl ¼ 0:2.
824 S. Naramgari, C. SulochanaFig. 4(a) and (b) gives the effect of the thermophoresis
parameter on temperature profiles for stretching/shrinking
and suction/injection cases respectively. It is noticed that the
temperature profiles as well as the boundary layer thickness
of the thermal field increase with increasing in Nt for both
stretching/shrinking and suction/injection cases. Fig. 5
(a) and (b) represents the effect of the Brownian motion
parameter on temperature profiles for stretching/shrinking
and suction/injection cases respectively. It is evident from fig-
ures that the Brownian motion parameter increases the tem-
perature profiles for both cases. The reason behind this is
different nanoparticles have different values of Brownian
motion parameter which leads to enhance the heat transferrate. Fig 6(a) and (b) reveals the effect of the magnetic field
parameter on concentration profiles for stretching/shrinking
and suction/injection cases respectively. It is noticed from fig-
ures that the increase in magnetic field parameter increases the
concentration profiles for stretching/shrinking case. Suction
also follows the above case but it is interesting to note that
in injection case at g ¼ 1:5 concentration profiles in injection
case merged with suction case afterward it dominates the suc-
tion case. It may happen due to the reason that at free stream
level injection helps to enhance the concentration level.
Fig. 7(a) and (b) presents the effect of the chemical reaction
parameter on concentration profiles for stretching/shrinking
and suction/injection cases respectively. It is clear from figures
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Figure 7 (a) and (b) Concentration profiles for various values of
Kl. When Pr ¼ 6:2;Le ¼ R ¼ 1;Nb ¼ Nt ¼ 0:5;K ¼ 0:5;M ¼ 1.
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Figure 8 (a) and (b) Concentration profiles for various values of
R. When Pr ¼ 6:2;Le ¼ R ¼ 1;Nb ¼ Nt ¼ 0:5;K ¼ 0:5;M ¼ 1.
MHD flow over a permeable stretching/shrinking sheet 825that the increase in chemical reaction parameter decreases the
concentration profiles for both cases. It is prominent to men-
tion here that at g ¼ 1:5 level injection dominates the suction
and developed the concentration profiles. It may happen due
to the fact that chemical reaction helps to enhance the mass
transfer and reduces the solutal boundary layer thickness.
Fig. 8(a) and (b) illustrates the effect of the radiation parame-
ter on concentration profiles for stretching/shrinking and suc-
tion/injection cases respectively. It is evident from figures that
the increase in radiation parameter decreases the concentrationprofiles in stretching case and increases in shrinking case. But
the concentration profiles decrease with increase in radiation
profiles for suction/injection case. It is due to the fact that radi-
ation reduces the boundary layer thickness.
Table 2 shows the influence of physical parameters on the
coefficient of skin friction and rate of heat transfer. From
the table it is interesting to observe that an increase in mag-
netic field parameter reduces the skin friction as well as heat
transfer rate. A raise in radiation parameter does not shown
significant difference in skin friction coefficient but reduces
Table 2 Values of f00ð0Þ and  h0ð0Þ for different values of
M;R;K;Kl; fw and k when Le ¼ 1;Pr ¼ 6:2;Nt ¼ Nb ¼ 0:5.
M R K Kl fw k f
00ð0Þ h0ð0Þ
1 1 0.5 0.2 0.5 1 1.851350 1.987456
2 1 0.5 0.2 0.5 1 2.137573 1.957554
3 1 0.5 0.2 0.5 1 2.386029 1.932763
1 1 0.5 0.2 0.5 1 1.851350 1.987456
1 2 0.5 0.2 0.5 1 1.851350 1.443626
1 3 0.5 0.2 0.5 1 1.851350 1.155341
1 1 0.5 0.2 0.5 1 1.851350 1.987456
1 1 1.0 0.2 0.5 1 2.000248 1.971734
1 1 1.5 0.2 0.5 1 2.137573 1.957554
1 1 0.5 0.1 0.5 1 1.851350 1.999754
1 1 0.5 0.2 0.5 1 1.851350 1.987456
1 1 0.5 0.3 0.5 1 1.851350 1.976384
1 1 0.5 0.2 0.5 1 1.351489 0.208345
1 1 0.5 0.2 0.5 1 1.851350 1.987456
1 1 0.5 0.2 1.0 1 2.158694 3.231835
1 1 0.5 0.2 0.5 1 1.005393 0.155815
1 1 0.5 0.2 0.5 1 1.851350 1.987456
1 1 0.5 0.2 0.5 2 4.275473 2.405297
826 S. Naramgari, C. Sulochanathe heat transfer rate. Enhancement in porosity parameter
reduces both heat transfer rate and skin friction coefficient.
An increase in chemical reaction parameter shows the similar
type of results as we observed for radiation parameter.
Increase in suction/injection parameter reduces the skin fric-
tion and increases the rate of heat transfer, the similar type
of results we observed for stretching/shrinking parameter.
4. Conclusions
This paper presents numerical solution for two dimensional
steady magnetohydrodynamic flow of a nanofluid past a per-
meable stretching/shrinking sheet in a porous medium with
suction/injection effects. The findings of the results are summa-
rized as follows:
 Magnetic field parameter has capability to reduce the flow,
friction factor and heat transfer rate in stretching surface.
 Dual solutions exist only for certain range of stretching/
shrinking and suction/injection parameters.
 Radiation parameter helps to enhance the temperature pro-
files and reduce the concentration profiles as well as heat
transfer rate.
 Chemical reaction parameter does not show significant dif-
ference in friction coefficient but it reduces the heat transfer
rate as well as concentration profiles.
 Suction/injection parameter and stretching/shrinking
parameter help to improve the heat transfer rate.
 Raising the value of Nb and the decreasing the value of Nt
produce a decrease in the nanoparticle concentration, as a
result of increase in the Sherwood number.Acknowledgments
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